Abstract. We extend the notion of bisimulation to Kripke structures with fairness. We de ne equivalences that preserve fairness and are akin to bisimulation. Speci cally we de ne an equivalence and show that it is complete in the sense that it is the coarsest equivalence that preserves the logic CTL interpreted with respect to the fair paths. We show that the addition of fairness might cause two Kripke structures, which can be distinguished by a CTL formula, to become indistinguishable by any CTL formula. We also de ne another weaker equivalence that is the weakest equivalence preserving CTL interpreted on the fair paths. As a consequence of our proof, we also obtain characterizations of states in the fair structure in terms of CTL and CTL formulae.
Introduction
Branching time propositional temporal logic has been found very useful in the automatic veri cation of concurrent nite-state systems 3]. The systems are modelled using labelled state transition structures called Kripke or temporal structures 5] . The properties that one wishes to verify can be expressed in terms of a branching-time temporal logic. One of the simplest such logics is CTL (Computational Tree Logic) described in 4] . While the problem of modelchecking CTL formulas of a Kripke structure is of polynomial complexity, CTL su ers in expressiveness. The richer logic CTL , described in 6], adds the power of linear-time propositional logic to CTL, and subsumes both CTL and PLTL (Propositional Linear Time Logic). However, the problem of model checking becomes PSPACE-complete 4].
The major limitation of CTL is that it cannot express correctness under fairness constraints. Fairness constraints allow us to reason about only those in nite paths in the Kripke structure which satisfy some fairness speci cation, which is evaluated over the in nite path. The logic FairCTL allows the speci cation of a CTL formula p along with a path formula . The fairness constraint is a Boolean combination of the set of in nitary linear time operators applied to propositional arguments 5]. The path quanti ers in the syntax of the formula now range over only those in nite paths which meet the fairness constraint .
In 4], a more general speci cation CTL F is allowed, where the fairness is dened in terms of state labels. This allows us to distinguish between two di erent states which cannot be distinguished by any propositional temporal logic formulae. The notion of fairness used in our paper is the extension of 5], where we allow the in nitary linear time operators in to refer to state labels also. The model-checking problem for FairCTL (and CTL F ) can be solved in polynomial time.
Often, it is more natural to think of the fairness constraints as part of the system speci cation, instead of part of the property being veri ed. We will refer to Kripke structures with fairness constraints as fair Kripke structures, and the problem of checking a CTL (or CTL ) formula on a fair Kripke structure as the FairCTL (or FairCTL ) model checking. Since we allow the fairness constraints to be a Boolean combination of in nitary linear time operators applied to state labels, the fair Kripke structure speci cation is as powerful as any kind of !-automata 8].
Browne, Clarke and Gr umberg 2] characterized nite Kripke structures in temporal logic. They showed that any two Kripke structures that can be distinguished by a CTL formula can also be distinguished by a CTL formula. They provide a CTL formula which characterizes Kripke structures up to bisimulation equivalence. Bisimulation equivalence is exactly the equivalence that preserves all CTL and CTL formulas. In this paper, we solve an open problem proposed in 2] of characterizing equivalence classes for Kripke structures with fairness constraints.
We show that, unlike ordinary Kripke structures, there exists a pair of fair Kripke structures which can be distinguished by a CTL formula, whereas no CTL formula can distinguish these two. In fact, these two structures are not even trace equivalent, which is surprising because in the case of ordinary Kripke structures bisimulation equivalence is the nest equivalence and trace equivalence is the coarsest equivalence in the linear time { branching time spectrum 7].
Since, for fair Kripke structures, the notion of equivalence is di erent for CTL and CTL formulas, we provide two di erent extensions of bisimulation equivalence which deal with fairness constraints. E fair {bisimulation characterizes states in fair Kripke structures with respect to equivalence over CTL formulas, and E fair {bisimulation characterizes states in fair Kripke structures with respect to equivalence over CTL formulas.
The problem of FairCTL model checking can be solved using the algorithm for CTL model checking by introducing additional atomic propositions which evaluate state labels, and then transforming the formula using these additional propositions 4]. However, the characterization of states in Kripke structures for CTL equivalence 2] does not solve the problem of characterizing states in fair Kripke structures. This is especially important when one considers fairness constraints as part of the system speci cation.
The remainder of this paper is organized as follows: In section 2 we give the de nitions of fair-Kripke structures and CTL/CTL syntax and semantics on such structures. In section 3, the relationship between bisimulation and CTL/CTL model checking is reviewed. In section 4 we present the de nitions of E fair {bisimulation and E fair {bisimulation, and prove completeness results for both equivalences. We conclude in section 5 with plans for future research and applications of our results. Remark: Muller conditions are known to be exponentially less succinct in expressing fairness than other common fairness constraints. We do not analyze complexity issues in this paper; hence this is of no concern. Also, to simplify analysis we will always assume that every state lies on a fair path. This is not a serious restriction; also note that under Muller fairness conditions, there are e cient procedures for deciding if there is a fair path from a state.
CTL/CTL Model Checking on fair Kripke structures
There are two type of formulae in CTL and CTL : state formulae (which are true or false in a speci c state), and path formulae (which are true or false along a speci c path). Let AP be the set of atomic proposition names. A state formula is given by the following syntax: CTL is the set of state formulae that are generated by the above rules; CTL is a subset of CTL in which the path formulae are restricted to be:
1. If f 1 , and f 2 are state formula, then Xf 1 and f 1 Uf 2 are path formula Given a fair-Kripke structure K = (S; R; L; f) state and path formulae are interpreted over fair paths as de ned below. The formulae f 1 and f 2 are state formulae, and g 1 and g 2 are path formulae. such that k j = g 2 and for all 0 j < k; j j = g 1 Notation: Given a path formula g 1 , we will use the abbreviation Gg 1 to denote the CTL path formula :(TRUEU :g 1 ), where TRUE is a logical tautology.
3 Equivalences preserving CTL/CTL Given a Kripke structure K = (S; T; L), the usual de nition of bisimulation is the coarsest relation on S S satisfying E bis (s; t) $ (L(s) L(t))8 s 0 (T(s; s 0 ) ! 9t 0 (T(t; t 0 )^E bis (s 0 ; t 0 )))8 t 0 (T(t; t 0 ) ! 9s 0 (T(s; s 0 )^E bis (s 0 ; t 0 )))
It is clear that E is an equivalence relation; soundness of this de nition follows from the observation that 1. there exists a relation satisfying the above (namely the identity), and 2. given any two distinct relations E 1 ; E 2 satisfying the above, there exists a relation containing both E 1 and E 2 .
In the absence of fairness conditions on the paths through the Kripke structure, Browne, Clarke, and Gr umberg prove the following completeness result 2]: Theorem2. Let s; t be states in K. Then E bis (s; t) if and only if there is no CTL formula such that s j = ^t 6 j = .
As a corollary, they note that states in a Kripke structure that can be differentiated by a formula of CTL can also be di erentiated by a formula of CTL. Furthermore, they construct CTL formulae that characterize states and structures up to bisimulation equivalence.
Equivalences on fair Kripke structures
In the presence of fairness conditions, states that have the same branching structure may have di erent in nitary behavior. In the fair-Kripke structure de ned in gure 1, the Muller fairness condition is fU 1 ; V 1 g (shown in the dotted boxes), and the set of AP's is fa; bg. States s 0 and t 0 have identical nite branching structure, but state t 0 models the CTL formula 9Ga (there exists a path such that always a), while s 0 6 j = 9Ga. In this section we de ne two equivalences on the states of fair-Kripke structures. We prove completeness results with respect to CTL and CTL, using arguments analogous to those in 2]. Essentially, our equivalences incorporate fairness constraints by requiring that states be equivalent on all fair paths. We show that it su ces to examine a restricted class of paths, namely the rational paths de ned below.
De nition3. Let be a path through a Kripke structure K. De ne to be a rational path if 9N; M such that 8i (i > N ) ] i = ] (imodM+N) ).
Thus rational paths are those which end in a cycle.
Notation: Given an equivalence relation E on the state space of a Kripke structure, extend it to an equivalence E ! on paths through the Kripke structure as follows: E ! ( ; ) , 8i (E( ] i ; ] i )) In the sequel, we will simply use E to denote E ! .
Equivalences preserving CTL on fair Kripke structures
De nition4. Given a fair-Kripke structure K = (S; T; L; f), states s and t are said to be E fair -bisimilar if they lie in the coarsest equivalence E that satis es E(s; t) , (L(s) L(t))( for all fair rational paths starting at s there exists a fair rational path starting at t such that E( ; ))( for all fair rational paths starting at t there exists fair rational path starting at s such that E( ; )) (2) The soundness of this de nition follows in a manner analogous to that for equation 1. This de nition is complete in the sense that we have the following theorem:
Theorem 5. Let s; t be states in K. Then E fair (s; t) if and only if there is no fair CTL formula such that s j = ^t 6 j = .
Proof. The forward direction of the theorem, namely E fair (s; t) ) for every CTL formula , s j = $ t j = follows by a straightforward induction on the length of CTL formula.
To show the converse, namely :E fair (s; t) ) there exists a formula of CTL such that s j = ^t 6 j = we rst de ne E 0 ; E 1 ; : : ::
if and only if L(s) L(t). { E k+1 (s; t) if and only if
For every fair rational path starting at s there is a fair rational path starting at t such that E k ( ; ). For every fair rational path starting at t there is a fair rational path starting at s such that E k ( ; ). Observe that since E l+1 (s; t) ) E l (s; t), it follows that E 0 E 1 E 2 : : :. Also every equivalence in the sequence contains the equality relation. (The binary relation where an element is related only to itself). Since the state space is nite the sequence converges to a xed point in some nite number of step, i.e. there is some k such that E k+1 = E k , which we will refer to as E 1 .
We now characterize states up to E l equivalence by CTL equivalence. This is done by induction on l. Speci cally we demonstrate { If :(E l (s; t)) then there is a CTL formula d l (s; t) such that 8v E l (s; v) ) v j = d l (s; t)], and t 6 j = d l (s; t). { For every state s 2 S, there is a formula of CTL C l (s) such that for every t 2 S t j = C l (s) , E l (s; t)]. d l (s; t) is a formula that distinguishes between t and states E l -equivalent to s and C l (s) is a formula that characterizes E l -equivalence to state s within the fair-Kripke structure.
If we let C l (s) be a conjunction of C l?1 (s) and d l (s; t) for every t which is not E l -related to s, the second assertion follows immediately. Now it is necessary to show how to construct d l (s; t) by induction on l.
Base Case:(l = 0) Let fp i g be the set of atomic propositions in L(s) and fq j g be the set of atomic propositions in AP ? L(s). Now let C 0 (s) = V i p i^V j :q j . It is clear that this formula is only true in states with exactly the same labelling as s. Thus the base case is established.
Induction:
Assume the result is true for l. We will show it for l + 1.
Let s; t be any states in the structure such that : (E l+1 (s; t) ). This can only happen if there is a fair rational path from s for which there is no E lcorresponding fair rational path out of t, or there is a fair rational path from t for which there is no E l -corresponding fair rational path out of s. In the latter case, we will use the argument below to nd a d l+1 (t; s) such that t j = d l+1 (t; s) and s 6 j = d l+1 (t; s). We can negate this formula to obtain the desired d l+1 (t; s): Let a fair rational path from s with no corresponding path from be = s 1 s 2 : : :s N (s N+1 : : :s N+k ) ! , where s = s 1 for notational convenience. First de ne the CTL formulae cycle i l+1 (s; t), for i 2 f1; : : :; kg
XC l (s N+1+(i+k?2)modk )) ) Let cycle l+1 (s; t) be the path formula given below: cycle l+1 (s; t) = cycle 1 l+1 (s; t) _ cycle 2 l+1 (s; t) : : : cycle k l+1 (s; t) A path will model cycle l+1 (s; t) if and only if the k-th pre x of the path is E l -equivalent to a cyclic permutation of the k-th pre x of . Now de ne path l+1 (s; t) as below:
: :X(C l (s N+k ))]^ X G (cycle l+1 (s; t))]) ) Let d l+1 (s; t) = 9 path l+1 (s; t). Note that N+1 j = cycle l+1 (s; t). Furthermore, j = (C l (s 1 )^X(C l (s 2 )^X(C l (s 3 )^ X(C l (s N+k )) ); hence s j = d l+1 (s; t).
Given that j = path l+1 (s; t), we can prove that is E l -equivalent to . First observe that for each i 2 f1; : : :; N + kg, i j = C l (s i ). Further, it is true that for i 1, N+i j = cycle l+1 (s; t). Using these facts, one can show by induction that for i 1, N+i j = cycle ((i?1)modk)+1 l+1 (s; t). This implies that for each i 1, N+i j = C l (s N+1+(i?1)modk ).
We now reason that E 1 (s; t) ) E fair (s; t), and so states that are E 1 equivalent cannot be di erentiated by any formula of CTL , implying that states that are not E fair (s; t) equivalent can be di erentiated.
Since E 1 is a xed point, and is reached at some nite stage, there exists some k such that E k = E k+1 = E 1 . Hence E 1 satis es the following: { E k+1 (s; t)(= E 1 (s; t)) if and only if for every fair path from s there is an E k (= E 1 )-equivalent path from t, and vice versa. Thus E 1 lies in E fair , and so E 1 = E fair . Remark: In de nition 4 states were taken to be equivalent over rational fair paths. The following lemma demonstrates that equivalence over rational fair paths implies equivalence over all fair paths, establishing a more intuitive characterization of E fair -bisimulation. The lemma also establishes that E fair can be polytime reduced to deciding trace equivalence for !-automata with acceptance conditions corresponding to the fairness conditions. Lemma 6. Let K be a given fair-Kripke structure. Let E be an equivalence relation on the states satisfying equation 2 i.e. satisfying the following:
for all fair rational paths starting at s there exists a fair rational path starting at t such that E( ; ))( for all fair rational paths starting at t there exists fair rational path starting at s such that E( ; )) (3) Then E preserves equivalence across all fair paths, i.e. for all fair paths starting at s there exists a fair path starting at t such that E( ; )), and for all fair paths starting at t there exists a fair path starting at s such that E( ; )). Proof. Let fC 1 ; C 2 ; : : :; C n g be the equivalence classes of E. De ne an alphabet = fc 1 ; c 2 ; : : :; c n g corresponding to the equivalence classes. De ne the !-language L s over as L s = fx 2 ! j 9 2 F f s such that 8i ] i 2 C( x] i )g, where C : fC 1 ; C 2 ; : : :; C n g ! maps equivalence classes to their corresponding alphabets. It is clear that L s is !-regular. (The fair-Kripke structure can be viewed as a Muller automaton, and the output at a state is the symbol of corresponding to its equivalence class.) Similarly, de ne the !-regular language L t = fy 2 ! j 9 2 F f t such that 8i ] i 2 C( y] i )g. It is clear that given any fair path starting at s, there is a fair path starting at t which is E-equivalent to , and vice versa, if and only if L s = L t .
Claim: If W 1 and W 2 are two !-regular languages over the same alphabet, and they agree on all rational words (i.e. words that are ultimately periodic), then they are in fact equal. The claim follows from the following observation. Let W be the symmetric di erence of W 1 and W 2 , i.e. W = (W 1 \W 0 2 ) (W 0 1 \W 2 ). Then W is !-regular, and so is non-empty if and only is it contains a rational word. Since W 1 and W 2 contain exactly the same set of rational words, W is empty, and so W 1 = W 2 .
Since L 1 and L 2 agree on all rational words (because s and t agree on all rational paths), it follows that L 1 = L 2 , and so s and t must agree on all paths, proving the lemma.
Equivalences preserving CTL on fair Kripke structures
The logic CTL is a subset of the logic CTL where nesting of path operators is not allowed, i.e. every path operator must be immediately followed by a path quanti er. Since it is a subset of CTL , it follows from theorem 5 that states that are E fair equivalent must agree on all CTL formulae. However the converse is not true. Consider the the states s 1 1 can not be di erentiated from t 1 by any CTL formula, since the only di erence is the fact that there are paths from s 1 on which b happens in nitely often, and CTL can not express 9GF i.e. there exists a path such that in nitely often is true. More formally the equivalence of s 1 and t 1 with respect to all CTL formula can be proved by using induction on the length of the formula.
Remark: It is surprising that the set of output traces from s 1 is not equal to the set of output traces from t 1 . (Consider for example the trace (ab) ! ). This in contrast to the fact that in the absence of fairness constraints states that are bisimilar equivalent must have the same set of traces.
We can still characterize states that agree on all CTL formula as shown in the following theorem.
Theorem7. Given a fair-Kripke structure K = (S; T; L; f), de ne states s; t to be E fair -bisimilar if they lie in the coarsest equivalence E satisfying: E(s; t) if and only if 1. L(s) L(t) 2. For every fair rational path = (s 1 s 2 : : :s N ) (s N+1 s N+2 : : :s N+k ) ! there exists a fair rational path such that 8i (1 i N ! E(s i ; ] i )) and 8i > N ] i is E-equivalent to some state in inf( ).
length less than j j, it follows that all states on satisfy 1 . Thus t j = , and the claim is proved. Hence by induction, states that are E 1 -equivalent satisfy exactly the same set of CTL formula.
This completes the proof of theorem 7.
Conclusion and Future Work
We have de ned state equivalences on Kripke structures that incorporate fairness. These equivalences were shown to be complete in the sense that they are the weakest equivalences preserving branching time logics interpreted on the structures. Furthermore we characterized the equivalence classes by formulae from the logic. We have developed approximations to the complete equivalence that can be e ciently computed for B uchi, Rabin, and Streett fairness conditions. These are used in a hierarchical procedure for minimizing systems of interacting state machines 1]. We plan to continue developing generalized notions of equivalence that are property speci c, and can be used to reduce or abstract components in large designs.
